Relativistic Elastic Differential Cross Sections for Equal Mass Nuclei by Werneth, C. M. et al.
ar
X
iv
:1
41
1.
49
73
v1
  [
nu
cl-
th]
  1
8 N
ov
 20
14
Relativistic Elastic Differential Cross Sections for Equal Mass
Nuclei
C. M. Werneth,1 K. M. Maung,2 and W. P. Ford2
1NASA Langley Research Center, 2 West Reid Street, Hampton, VA 23681
2The University of Southern Mississippi,
118 College Drive, Box 5046, Hattiesburg, MS 39406
(Dated: August 22, 2018)
Abstract
The effects of relativistic kinematics are studied for nuclear collisions of equal mass nuclei. It
is found that the relativistic and non-relativistic elastic scattering amplitudes are nearly indistin-
guishable, and, hence, the relativistic and non-relativistic differential cross sections become indis-
tinguishable. These results are explained by analyzing the Lippmann-Schwinger equation with the
first order optical potential that was employed in the calculation.
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The Lippmann-Schwinger (LS) equation for the transition amplitude is often used to
calculate nuclear cross sections [1]. The minimum requirement for the study of relativistic
effects in the LS equation is the inclusion of relativistic kinematics. In this letter, the effect
of relativistic (REL) kinematics in nucleus-nucleus scattering is studied, and it is found that
the scattering amplitudes calculated with REL and non-relativistic (NR) kinematics are
nearly indistinguishable for nuclear collisions of equal mass nuclei when using the first order
optical potential. It is shown that there are no observed significant differences between the
NR and REL elastic differential cross sections for the equal mass case.
The elastic scattering amplitude is determined from the transition amplitude, which is
obtained by solving the following integral equation [1],
TAA(k
′,k) = U(k′,k) +
∫
U(k′,k′′)TAA(k
′′,k)
Ek − Ek′′ + iǫ
dk′′, (1)
where k (k′) is the initial (final) relative momentum of the projectile-target system in the
center of momentum (CM) frame, E is the NR or REL total energy, TAA(k
′,k) is the off-shell
transition amplitude, and U(k′,k) is the optical potential. Using factorization and on-shell
approximations for central potentials, the optical potential for projectiles and targets of
equal mass is expressed as [2–6]
U(k′,k) = ηAPATtNN(|k
′ − k|)ρAP(|k
′ − k|)ρAT(|k
′ − k|), (2)
where η is the Mo¨ller factor [1, 7], AP and AT are, respectively, the number of nucleons
in the projectile and target, tNN is the nucleon-nucleon (NN) transition amplitude, and
ρ(|k′ − k|) is the nuclear density of a nucleus [8, 9]. For equal mass projectile and target
nuclei (AP = AT = A), η = 1, and the optical potential is
U(k′,k) = A2ρ2A(|k
′ − k|)tNN(|k
′ − k|). (3)
The on-shell scattering amplitude is related to the on-shell transition amplitude by [1]
f(k, k, kˆ · kˆ′) = −(2π)2k
dk
dEk
t(k, k, kˆ′ · kˆ). (4)
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The off-shell scattering amplitude is defined as,
f(k′,k) ≡ β(k′) t(k′,k) β(k), (5)
where
β(k) = 2πi
√
k
dk
dEk
, (6)
such that equation (4) is satisfied when the relative momentum is on-shell.
In order to show that the NR and REL elastic differential cross sections are the same for
equal mass systems, the off-shell scattering amplitudes are obtained by using equation (5);
βAA(k
′)TAA(k
′,k)βAA(k) =
βAA(k
′)
βNN(κ′)
βNN(κ
′)tNN(|k
′ − k|)βNN(κ)
βAA(k)
βNN(κ)
A2ρ2A(|k
′ − k|) (7)
+P
∫ [
βAA(k
′)
βNN(κ
′)
βNN(κ′)
t(|k′ − k′′|)
βNN(κ
′′)
βNN(κ′′)
A2ρ2A(|k
′ − k′′|)
×
1
Ek −Ek′′
βAA(k
′′)
βAA(k′′)
TAA(|k
′′ − k|)βAA(k)dk
′′
]
− iπ
∫ [
βAA(k
′)
βNN(κ
′)
βNN(κ′)
t(|k′ − k|)
βNN(κ
′′)
βNN(κ′′)
A2ρ2A(|k
′ − k′′|)
× δ
(
Ek −Ek′′
)βAA(k′′)
βAA(k′′)
TAA(k
′′,k)βAA(k)dk
′′
]
,
where
β2AA =


−(2π)2 Am
2
for the NR case,
−(2π)2A
√
m2+κ2
2
for the REL case
(8)
β2NN =


−(2π)2m
2
for the NR case
−(2π)2
√
m2+κ2
2
for the REL case,
(9)
and the propagator has been expressed in terms of its principal value, P,
1
Ek − Ek′′ + iη
= P
(
1
Ek − Ek′′
)
− iπδ(Ek − Ek′′). (10)
The Fermi motion of the nucleons inside the nucleus is neglected; therefore, the momentum
imparted to each nucleon is κ = k/A. The mass of the nucleus, M , is approximately Am,
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where m is the average nucleon mass.
The pole structure for NR scattering amplitude is proportional to 1/(k2−k′′2). With REL
kinematics, the propagator can be rationalized such that the pole structure is manifestly the
same as the NR case, thus
P
(
1
Ek − Ek′′
)
=


P
[
2µ
(k2−k′′2)
]
for the NR case
P
[(
√
M2+k2
2
)(
1+
√
M2+k′′
2
M2+k2
k2−k′′2
)]
for the REL case,
(11)
where µ = M/2.
Using equations (8), (9), and (11), the scattering amplitude from equation (7) reduces to
the following for on-shell scattering:
FAA(k, kˆ′ · kˆ) = fNN(k, kˆ′ · kˆ)A
3ρA(k, kˆ′ · kˆ) (12)
+P
∫
fNN(|k
′ − k′′|)h(k, k′′)A3ρ2A(|k
′ − k′′|)FAA(|k
′′ − k|)
[−(2π)2](k2 − k′′2)
dk′′
− iπ
∫
fNN(k, kˆ′ · kˆ′′)A
3ρ2A(k, kˆ
′ · kˆ′′)FAA(k, kˆ′′ · kˆ)
k
−(2π)2
dΩk′′
where 

h(k, k′′) = 2 for the NR case
h(k, k′′) = 1 +
√
M2+k′′2
M2+k2
for the REL case.
(13)
The only difference between the two amplitudes is that h(k, k′′) = 2 in the NR case, and
h(k, k′′)→ 2 only near the elastic cut for the REL case. The optical potential is largest near
the on-shell momentum but decays rapidly thereafter. By definition, the principal value
integral is never evaluated at k′′ = k; however, significant contributions occur near the
elastic cut. Due to the rapidly decaying optical potential and large contributions near the
elastic cut, little differences are observed between the NR and REL scattering amplitudes
for projectiles and targets of equal mass.
To illustrate these results, elastic differential cross sections are given in Fig. 1 for 4He
+ 56Fe, 4He + 20Ne, 4He + 12C, and 4He + 4He reactions at a lab projectile energy
of 1 GeV/n. NR and REL elastic differential cross sections are generated with a three-
dimensional Lippmann-Schwinger (LS3D) solution [10–13]. See reference [5] for the explicit
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form of the nuclear densities, transition amplitude, and parameterizations that were used in
the current work.
From Fig. 1, it is obvious that the NR and REL elastic differential cross sections are
different for the 4He + 56Fe, 4He + 20Ne, and 4He + 12C reactions, where the projectile and
target masses differ. It is also observed that the largest REL difference occurs in the case
of 4He + 56Fe, where the mass difference between the projectile and target is largest. There
are no significant differences between the NR and REL results for the equal mass case of
the 4He + 4He reaction.
Next, eikonal (Eik), partial wave (PW), and LS3D codes are used to predict the elastic
differential cross sections for 20Ne + 20Ne reactions in Fig. 2 and 56Fe + 56Fe reactions
in Fig. 3 with lab projectile kinetic energies of 150, 500, 1000, and 20000 MeV/n. These
solution methods are fully described in references [1–5, 10–13]. The PW and LS3D results
are generated with NR and REL kinematics, whereas the Eik code is NR. Each figure shows
that there is no significant difference between the NR and REL elastic differential cross
sections, regardless of the energy.
In summary, it is noted that the REL propagator has pole structure that is similar to the
NR case and that the REL and NR scattering amplitudes are approximately equal near the
elastic cut. The optical potential is largest near the on-shell momentum and decays rapidly
thereafter. Consequently, the NR and REL on-shell scattering amplitudes have been shown
to be nearly indistinguishable for projectile and target nuclei of equal mass.
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FIG. 1. Elastic differential cross sections for 4He + 56Fe, 4He + 20Ne, 4He + 12C, and 4He + 4He
reactions at a lab projectile energy of 1 GeV/n. NR results are indicated with solid red lines, and
REL results are given as dashed blue lines.
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FIG. 2. Elastic differential cross sections for 20Ne + 20Ne reactions for projectile lab kinetic energies
of 150, 500, 1000, 20000 MeV/n. Eik. represents eikonal, LS3D represents three-dimensional
Lippmann-Schwinger, and PW represents partial wave. Non-relativistic results are denoted (NR)
and relativistic results are denoted (REL).
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FIG. 3. Elastic differential cross sections for 56Fe + 56Fe reactions for projectile lab kinetic energies
of 150, 500, 1000, 20000 MeV/n. Eik. represents eikonal, LS3D represents three-dimensional
Lippmann-Schwinger, and PW represents partial wave. Non-relativistic results are denoted (NR)
and relativistic results are denoted (REL).
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